I: Introduction
The objectives of the paper are twofold. Firstly, we develop a generalized StateDependent Model (SDM) in a multivariate framework. Thereby, enabling a multivariate approach to analyzing a general form of non-linearity which can be fitted without any specific prior assumption about the form of non-linearity. Secondly, the extended framework enables greater applicability for the empirical analysis of economic relationships and models.
The present paper provides an example by investigating empirically the relationship between households' income, sentiment and their consumption behavior. The paper significantly extends the existing literature on SDM and its applications where the focus has been on univariate analysis using a pure AR time series. Priestley (1980) developed a general class of non-linear time series, called 'State Dependent Models' which includes non-linear time series models and linear ARMA as special cases. The principal advantage of SDM is that it allows for a general form of nonlinearity and can be fitted without any specific prior assumption about the form of nonlinearity. This usefully indicates the specific type of non-linear model that is appropriate to a particular relationship. Indeed, whether a linear model could be equally applicable.
The economic application is a topical one and lends itself neatly to the issue of the general form of non-linearity, which can be fitted without any specific prior assumptions.
The role of the consumer sentiment both in predicting and understanding the causes of business cycles is an important one, and the existing literature has been largely analyzed in the linear context (with possible ad hoc shifts in parameters). However, it is also worth noting that consumer sentiment can be affected by sizeable shocks which, in turn, induce non-linear responses to the consumption behavior but is unaffected by small consumer sentiment shocks. . The paper is organised as follows. The next section outlines the extended generalized SDM which incorporates a multivariate framework. Section III considers the economic application of this extended SDM approach; notably the consumption-sentiment relationship.
The analysis initially considers the standard linear approach and ad hoc non-linear extensions that are prevalent in the existing literature. The ensuing results are compared and contrasted between the existing standard and the SDM multivariate approach. Finally, Section IV outlines the summary of the key results and draws the concluding remarks.
II: State-Dependent Models: A Multivariate Framework Extension
In this section we describe the general structure of the SDM's and the extended multivariate approach. We also consider the problem of identifying SDM's. We explain how from the fitted model we may obtain an over view of the non-linear structure of the model, which may lead us toward a more specific non-linear model. A more extensive discussion of these models is found in Priestley (1980) and an extensive study of the application of statedependent models to real and simulated data is given in Haggan et al (1984 This model possess considerable degree of generality and, in fact, the SDM scheme does include the linear AR model and the main types of specific non-linear time series models if one employs particular forms of the coefficient ,
. (see Haggan et al, 1984) .
In this section we will show how to extend the AR-SDM model (2) in to a general multivariate form to include exogenous variables. We will show this by having one explanatory variable in the model. However, these ideas may be readily extended to more than one explanatory variable. (Priestley, 1980 
Applying the Kalman algorithm (Kalman, 1963) directly to the equations (5) and (6) gives the recursion (3) as constant and apply the same procedure as Haggan et al (1984) as follows:
Take an initial stretch of the data, say the first 2m observations on ) , ( The best procedure in practice appears to be to reduce the magnitude of the 'smoothing factor' until the parameters show stable behavior. If the parameters still appear to be far from 'smooth', the smoothing factor may be reduced further (Haggan et al, 1984) . In addition, the parameters may be smoothed by a multi-dimensional form of the non-parametric function fitting technique (see for example Priestley and Chao, 1972) .
Having carried out this procedure, the resulting parameter surfaces can give a clearer idea of the type of non-linearity present in the model, and provide indications of the special type of non-linear dependency.
III: An Application of the Multivariate SDM Approach:
The Sentiment-Consumption Relationship Since Katona's (1968) seminal paper the role of the consumer sentiment index (henceforth CSI) in both predicting and understanding the causes of business cycles has been investigated widely. Recent examples are found in Barsky and Sims (2012) , Starr (2012) ,
and Nguyen and Claus (2013) . They, however, come to a variety of conclusions ranging from CSI has little or no additional explanatory power about economic activity once the effects of "fundamental" variables are accounted for. Others stress that CSI embodies useful "animal spirits" and/or "news" information (see e.g. Golinelli and Parigi, 2004) .
Regardless, in general, the existing literature has analyzed these issues in a linear context (with possible ad hoc shifts in parameters). Such an assumption broadly contradicts Katona's own views that CSI is influenced by psychological factors and are particularly pertinent during special events when households are more likely to change their attitude (Katona, 1977) . In addition when such special events occur, the size of shocks to CSI matters, inducing non-linear responses.
The generalized SDM approach proposed in this paper enables us to explore the consumption-sentiment relationship over different states, without needing to assume ad hoc forms of non-linearity. Hence, following Inoue and Kilian (2004) , we are able to assess the in-sample predictability of consumption with indicators (including the CSI). Equation (10) below specifies a linear reduced form relationship found in the existing literature (see e.g. Carroll et al, 1994, and Dees and Soares-Brinca, 2013) . Equation (10) is estimated over an extended sample (including the Great Recession period) and is used as the benchmark model for our generalized SDM. (10) where t C denotes real personal consumption expenditure while its lags measure the degree of stickiness in consumption growth either due to habits or inattention (Carroll et al, 2011) .
We specify on the left side of the equation both consumption and its lags to be consistent with the SDM notation outlined in Section II. CSI denotes consumer sentiment, Y the real disposable personal income, and ε is the unobservable error.
1 If the log of CSI is significant, we reject the hypothesis that the CSI predicts consumption only through the income channel (i.e. it carries useful information besides that of expected income, see Carroll et al., 1994) . Lagged income growth is included as a control variable (see Flavin, 1981 , Campbell and Mankiw, 1989 , and Bram and Ludvigson, 1998 .
Furthermore, as argued in Campbell and Mankiw (1989) , the real disposable personal income can proxy the share of rule-of-thumb consumers (in addition to the life-cyclers/rational ones). Table 1 reports the preliminary estimated results for the linear model (10) and some ad hoc non-linear extensions (see also model (11) below). The OLS results are found in column (1) and the in-sample predictability of consumption using the CSI appears clear: CSI significantly leads consumption spending, in addition to income.
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The residual diagnostics in column (1), nevertheless, raises a number of doubts about the data congruency of the linear specification. A number of issues emerge pertaining to heteroscedasticity, misspecification and structural breaks. An initial reaction to these caveats is to arbitrarily assume shifts in the impact of CSI on consumption during the Great Moderation of 1984 -2007 . Columns (2) and (3) report the estimates of equation (10) in two sub-periods: one excluding the GM period and another just the GM period. The misspecification problems are partially dealt with and also there is some support for parameter shifts as a viable means to improve the data congruency of the linear model.
The estimates of the income effect ( λ ) are quite stable over the two subsamples: it is only slightly higher in the GM period, when the Campbell-Mankiw's rule of thumb to consume is probably less costly. Conversely, the largest shift is the autoregressive dynamics.
The lagged consumption growth passes from moderate overshooting (when the GM period is excluded) to moderate persistence (when the focus is just on the GM period). As noted earlier, less costly inattentiveness makes the occurrence of habit-forming behavior during the GM period more likely. The estimated sentiment effect (θ ) when the GM period is excluded (see column (2)) is considerably higher than in the GM period (column (3)). The insignificant sentiment clearly suggests that CSI explains consumption only when a number of highly variable shocks occur. Hence, the rejection of 0 = θ over the entire sample period (column (1)) conceals breaks in θ over time and/or across states, leading to biased estimates.
As acknowledged by Inoue and Kilian (2004) , an overall rejection could dissemble a variety of scenarios. Likewise, as suggested by Katona, the CSI parameter is expected to be significant in some periods (i.e. when the GM period is excluded) and not in other periods (i.e. over the GM). Overall, the results in the first three columns of Table 1 suggest that parameters of the linear model can be different for each of the sub-sample (which is assumed to be known a-priori) and can also partly account for the statistical problems. However, at least two issues remain unresolved: (i) the arbitrary selection of the "relevant" sub-periods; and (ii) the inefficient estimates of many parameters, as their number in the linear model is multiplied by the number of subsamples in which the span is divided.
Although still arbitrary, an alternative is to focus on the impact of business cycles on the sentiment parameter θ . Column (4) reports the estimated parameters of an ad hoc nonlinear extension of model (10) focusing only on CSI: (1) and (4)), suggesting that allowing for a non-linear CSIconsumption relationship improves the explanation of consumption growth. In particular, the impact of CSI on consumption growth during the downturn phases, as measured by δ θ + , goes down about 20% due to a significant negative δ estimate. The latter suggests the likelihood of a smaller CSI impact during downturns. This result, however, is contrary to the "classical" prediction that CSI affects consumption growth greater during recessions.
Alternatively, "special events" can also be accounted for in equation (11) by (arbitrarily) defining It = 1 if |∆lnCSIt-1| ≥ τ and It = 0 if |∆lnCSIt-1| < τ , where τ = k×σ , and where k sets the amplitude of the range of the "extreme" cases, and σ is the standard deviation of CSI quarterly growth (0.064 in our case). The results outlined in column (5) indicates a positive 5-6% shift in the magnitude of δ when CSI growth is outside the σ 2 ± interval 3 ,
indicating that extreme CSI shocks has a larger impact on consumption. 4 . Importantly, this stresses the risk of making ad hoc assumptions about Katona's "special events". Likewise for the inferences and forecasts when we extend equation (10) to account for non-linearity.
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For example, equation (11) may overcome the inefficiency issue but only after introducing breaks arbitrarily, albeit based on a priori knowledge.
Such difficulties arise in the main because we always model data starting from specific (linear) to general (non-linear) models; i.e. we extend equation (10) to (11) without any clear idea about how to implement such extensions. We simply assume in each case that the provided solutions are admissible. The SDM approach, on the other hand, can deliver a number of stylized facts regarding the consumption-sentiment relationship without resorting to ad hoc extensions, as it begins with a general specification. However, the SDM outcomes below are still subject to the well-known objections for any reduced form formulation.
Therefore, we must view them as suggestive rather than evidence about well formulated hypotheses.
3 In this case, It = 1 marks 16 observations, i.e. about the 5% of the sample. 4 Although their It indicator is defined in a similar way as here, our outcome varies with Dees and Soares-Brinca (2013) because they assume that the CSI effect on consumption only works when CSI growth rate is outside the interval, i.e. that 0 = θ in model (11). The significant estimate of θ in column (5) rejects their assumption in our context. 5 If we refer to the three cases analysed in columns (2)- (5) (2)- (3) the ad hoc non-linearity assumes that all parameters of model (10) shift during the GM phase, while those in columns (4)- (5) assume that only the CSI parameter shifts following the NBER cycle, or when the CSI growth is larger than two CSI standard deviations.
In the reminder of this section, we focus on the consumption-sentiment relationship using a parsimonious SDM where the dynamics of past consumption is restricted to lag 5. . The state representation of CSI enables a varying effect on consumption in specific phases of the cycle and likewise for all the other explanatory variables. Therefore SDM can relax the need for ad hoc assumptions as before because it allows for state-dependent effects to all the variables of interest (and not merely to CSI). Finally, it must be emphasized that the SDM algorithm operates purely on the data, without any prior knowledge about the underlying model.
In the first instance a linear model is first fitted to the first stretch of the data 7 , then the parameters of model (12) are estimated as described in Section II, using the recursion a smoothing factor in the range of 10 -2 to 10 -5 as suggested by Haggan et al(1984) . The time patterns of the estimates of φˆ, θˆ and λˆ are plotted in Figure 1 . Figure 2 plots the estimates of θˆ against the state vector (i.e. the variables CSI, growth in income and consumption), and also λˆ against the growth in income variable.
The time-varying effects of the explanatory variables on consumption spending are depicted in the four panels in Figure 1 . The panels shows the impact of CSI (in panel I with 6 For the sake of robustness, we also tried adding single lags, or all the first 5 lags together. In all these experiments, lag 5 always proved to be the most relevant, and results were not sensitive to specific lag selection. 
Figure 1 here
The estimated CSI-consumption relationship, depicted in panels I and II, suggests four main outcomes. Firstly, the 95% confidence interval of the CSI parameter includes zero for all periods. The time-varying CSI parameter always explains consumption behavior together with income and, consequently, it is clearly an additional explanatory variable of consumption behavior (and not merely a proxy to predict income). Secondly, at the beginning of each recession phase the CSI effect on consumption increases rapidly and sharply.
Thereby reinforcing CSI as a good predictor of consumption behavior at the beginning of an economic slowdown (the only exception to this rule being the beginning of the very short 2009q2 there is a clear increase in the CSI effect but, nevertheless, smaller than those found during the 1970s. Finally, during the recovery phases the CSI parameter decreases from the levels of the previous recession. These decreases are much smoother and only seldom revert to the pre-crisis level (for example, in the current period the CSI parameter is not significantly lower than that estimated at the beginning of the Great Recession). Campbell and Mankiw (1989) argued that current income change affects consumption if a proportion of households follow a simple rule-of-thumb. A prevailing criticism of this proposition is they assume a fixed income parameter (see Ando (1989) ).
This assumption is relaxed here and using the SDM approach the parameter is allowed to be state-varying. The time-varying parameter is plotted in panel III of Figure 1 . There is a steady fall suggesting a reduction in the proportion of the rule-of-thumb households starting at the beginning of the GM.
8 However, the 95% confidence interval of the income effect suggests that the random walk model of consumption advocated by Hall (1978) is rejected even during the period of GM. Finally, the varying effect of past changes of consumption is reported in panel IV. This emphasizes its significance which, in turn, reinforces the rejection of the Hall (1978) model suggesting consumption stickiness and habits persistence (see also Carroll et al, 1994) . The overshooting of the steady state of consumption growth has been fairly moderate in mid-1970s and lie substantially within the same confidence interval.
The most relevant feature of SDM is that it allows the impact on consumption changes to vary with the state of the explanatory variables. The four panels in Figure 
IV: Summary and Concluding Remarks:
The purpose of this paper is twofold. In the first instances, we develop a generalized State-Dependent Model (SDM) in a multivariate framework. This enables a multivariate approach to analyzing a general form of non-linearity which can be fitted without any specific prior assumption about the form of non-linearity. Secondly, the extended framework enables greater applicability for the empirical analysis of economic relationships and models.
The paper significantly extends the existing literature on SDM and its applications where the focus has been on univariate analysis using a pure AR time series.
The present paper also provides an example by investigating empirically the relationship between households' income, sentiment and their consumption behavior. The role of the consumer sentiment both in predicting and understanding the causes of business cycles is an important one, and the existing literature has been largely analyzed in the linear context (with possible ad hoc shifts in parameters). Using the extended generalized SDM approach we show the significant non-linear effect of sentiment on consumption behavior, while also providing additional explanatory powers than mere proxies for income changes.
Data Appendix
The variables of interest where sourced through Federal Reserve Economic Data (FRED). Details are in Table A (10) and (11) after dynamics' reduction: in order to obtain a parsimonious model, we started from a fifth-order dynamics and restricted to zero those not significant lags (accordingly, the "Dynamics reduction" row reports the corresponding joint zero restrictions P-values). .016
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